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Abstract. Let X be a compact toric surface. Then there exists a sequence of 
jrt , torus equivariant blow-ups of X such that the blown-up toric surface obtained 

admits a cscK metric. 
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1. Introduction 



a 

The problem of finding constant scalar curvature Kahler metrics ( cscK for short) 

,S^ \ on compact Kahler manifolds is of main interest in Kahler geometry since the work 

of Yau [25] . Tian [21] and Donaldson ^5 . The Tian-Yau-Donaldson conjecture 
asserts that there exists a cscK metric on a polarized Kahler manifold (X, L) in 
the Kahler class c\(L) if and only if the pair (X, L) is stable in a suitable GIT 
sense. At that time, we know that the existence of a cscK metric implies the K- 
polystability by a result of Stoppa [19j . Stoppa's argument relies on an important 
result of Arezzo and Pacard on blow-ups of cscK manifolds [Tj, [2]. Arezzo and 

(A ■ Pacard managed to show that if (X, w) is cscK, then the blow-up of X at finitely 

many well chosen points admits a cscK metric. In order to prove their result, they 
use a gluing method. They build the blown-up manifold by gluing a local model, 

£C) \ the blow-up of C ra at 0, endowed with the Burns-Simanca metric [18], which is ALE 

^^ ■ and scalar flat. 

Another result on blow-ups and special metrics is the one of Taubes [20] that 
asserts that there are anti-self-dual metrics on the blow-up at sufficiently many 
points of any smooth oriented 4-manifold. In the Kahler case, a metric is anti-self- 
dual if and only if it is scalar-flat. 

This two results suggest the following: 



Conjecture 1. Let X be a compact Kahler manifold. Then there exists a finite 
sequence of blow-ups of X such that the blown-up manifold obtained admits a cscK 
metric. 

In the case of ruled surfaces, this conjecture has been proved by Le Brun and 
Singer [llj for surfaces of genus higher than 2 and then in general by Kim, Le Brun 
and Pontecorvo [10) . However, in their argument, if the starting surface is toric, 
the resulting blown-up surface does not admit a torus symmetry anymore. 

On the other hand, Rollin and Singer found another method to built cscK metrics 
on blow-ups of surfaces, based on parabolic structures [16] , from which we can 
deduce a lot of examples of toric surfaces with cscK metrics. 

In this paper, we show that if the initial surface is toric, then we can prove the 
conjecture staying in the toric world. 
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Theorem 1. Let X be a compact complex smooth toric surface. Then there exists 
a finite sequence of blow-ups of X at torus fixed points such that the blown-up toric 
surface obtained admits a cscK metric. 

Remark 1. By a remark of Wang and Zhou [22] , using the theorem of Arezzo, 
Pacard and Singer on blow-ups of extremal metrics [3], we know that each toric 
surface admits an extremal metric. However from Matsushima and Lichnerowicz 
obstruction, we know from Calabi 1] that the Hirzebruch surfaces admit no extremal 
metric of constant scalar curvature. Thus we need to blow-up toric surfaces if we 
want them to admit cscK metrics. 

Remark 2. About the existence of Kahler- Einstein metrics on toric manifolds, a 
recent result of Legendre 12] shows that each toric orbifold admits a unique singular 
Kahler- Einstein metric. 

The proof of this result relies on simple considerations on the classification of 
toric surfaces and the result of Arezzo and Pacard on blow-ups of cscK metrics. We 
hope that it will ouline a stabilization process of blowing-up a manifold at suitable 
points and its link with the existence of cscK metrics. Basically, the idea is to 
blow-up the toric surface until it has a good shape. We first build a sequence of 
toric surfaces : 

... -> Xj+i -> Xj -» ... -> Xi -> x 

with Xq = P 1 xP 1 and X/+i obtained from Xj by blowing-up each torus fixed-point. 
By the theorem of Arezzo and Pacard, each of these Xj admits a cscK metric. 

Then, using the classification of toric surfaces, we prove that for each smooth 
toric surface X, there exists a sequence of blow-ups at torus fixed points such that 
the blown-up surface obtained is one of the Xj. From the fan descrition point 
of view, we add rays to the fan describing X untill it becomes very symmetric, 
isomorphic to the fan of one of the Xj . In fact it turns out that the Xj endowed 
with a suitable polarization are X-polystable and asymptotically Chow polystable. 

We will deduce from our result the following corollary: 

Corollary 2. Let X be a smooth compact toric surface. Then there is a sequence 
of toric blow-ups of X (see section^): 

Bl(p m ,..,Pi) —> X 

and a polarization L — > Bl/~ Pl \ such that (BL pm _ pi \,L) is K -polystable and 
asymptotically Chow-poly stable. 

Remark 3. Donaldson has proved that a polarized toric surface (X, L) admits a 
cscK metric in the class c±(L) if and only if (X,L) is K -polystable |6J. However 
it is a hard problem, even for toric surfaces, to check K -poly stability. Lt contrasts 
with our construction which is explicit. We can compute from the fan describing 
the toric surface the points to blow-up in order to reach one of the Xj . 

Corollary[2]lies on deep results of Mabuchi [13] and Stoppa [19] and computation 
of the Lie algebra characters associated to Mabuchi's obstruction. This computation 
is simplified by the symmetries of the surfaces. 

Remark 4. The idea of using symmetries on toric polytopes has also been used 
by Donaldson [5] , but in order to construct a 9 points blow-up of CP 2 that is not 
K -polystable for the associated polarization, even if its Futaki invariant vanishes. 
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Thus this polarized toric surface admits no cscK metric in the corresponding Kdhler 
class. 

We will also compute a bound on the number of blow-ups necessary to get a 
cscK metric with our construction. We will see by an example that this bound is 
far from being optimal, raising the natural question: 

Question 3. What is the minimal number of blow-ups necessary to obtain a cscK 
metric on an iterated blow-up of the n th Hirzebruch surface F„ ? 

We point out that we know from Wang and Zhou [22] that each toric surface 
admits an extremal metric. This metric is cscK if and only if the Futaki invariant 
vanishes [8] and an explicit formula for this invariant depending on the polytope 
is known since the work of Donaldson 5 . However this is far from answering the 
question as the Kahler classes of the extremal metrics and the kahler classes where 
the Futaki invariant vanishes might be far from each other. 

1.1. Plan of the paper. In scction[2]we recall results on blow-ups of toric surfaces. 
Then the proof of theorem [T] is given in section [3] The last section deals with 
stability issues related to our construction. 

1.2. Acknowledgements. I would like to thank professors Vestislav Apostolov, 
Paul Gauduchon, Yann Rollin and Michael Singer for their constant support. 

2. Blow-ups of toric CSC surfaces 

2.1. Toric surfaces. A toric surface A is a complex algebraic surface endowed with 
an effective action of a complex torus T c of dimension 2, such that there exists an 
open and dense orbit in X. Thus X is a compactification of T and is obtained 
by gluing divisors to this torus. The structure of X is then entirely described by 
the way these divisors are glued together, and this procedure is encoded by a fan 
E = E(A) in a Z-lattice N, [14. A fan E is the union of strongly convex rationnal 
polyhedral cones a in Nr = N <E>z R satisfying two gluing conditions: 

• Vcr e E, Vr face of a, r e S 

• V(<7i, U2 ) G E 2 , o\ n <72 is a face of o\ and CT2 

To each cone a in E, one can associate an open affine toric variety U a = 
spec(C[tr > fl M]), where M is the dual lattice of N and 

(T> = {R e M/(R, x) > Vx e a}. 

Then the gluing conditions of the fan ensure that this affine charts glue together 
and form a toric variety X. 

This gives a simple description of these surfaces as each of their algebraic prop- 
erties admits a combinatorial conterpart in term of the fan. 

We will denote by H^ l '(X) the set of cones of the fan describing X of dimension 
equal to i. We will identify the rays in E*- 1 -* and primitive generators of these rays. 

Example 2.1.1. Let F„ be the n th Hirzebruch surface, that is the total space of 
the fibration 

P(0®0(n)) ^CP 1 . 

Note that F = CP 1 x CP 1 . Then EW(F„) = {(0, -1), (1,0), (0, 1), (-1, -n)} in 
N = Z 2 . As an example F2 admits the fan description of figure 1 . 
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Figure 1. F 2 

Here we only represent the elements of EW(F2) by arrows. The other cones of 
S are {0} and the two dimensional cones delimited by the rays of E^. We will use 
this way of describing fans in the remaining of this paper. 

2.2. Blow-ups. The blow-up of a toric manifold -X'(E) along a torus invariant 
divisor is described in term of the fan E. To each cone a G E, one can associate 
a torus invariant divisor V a as the closure of spec(C[fr ± n M]) in X, where a 1 - = 
{R G M/(R,x) = OVa; G a}. Then if a is of full dimension, V a is a torus fixed- 
point. Let r be the ray in JVjr generated by the sum of the primitive generators of 
dimension one faces of a. Then r induces a subdivision of a into rationnal strictly 
convex polyhedral cones, a = U^cr,. Then the blow-up of X at V a is a toric manifold 
described by the fan E — {cr} U$ {<Ji}- 

Example 2.2.1. 

Consider the cone o~\ G E(F 2 ) generated by (0, 1) and (— 1, —n) in the lattice 
N = Z 2 . The blow-up of F 2 at the point p — V(a) is pictured on figure 2. 




Figure 2. Bl p ¥ 2 



We will say that a blow-up is toric if it is the blow-up at torus fixed points, so that 
the action of the torus lifts to the blown-up manifold. We introduce the following 
notation: if X is the blow-up of Y at a point p G Y, we set X = Bl p (Y). Then 
by proposition 12.2.21 as Fi ~ _B/ P (CP 2 ) for p a torus fixed point, any toric surface 
X different from CP 2 can be written Bl Pm (Bl Pm _ 1 (...(Bl Pl (W n )))) for some n > 
andpj+i G Bl Pj (Blp j _ 1 (...(Blp 1 (F n )))). We will use the notation BL pmj ^ pi \(W n ) = 
Bl Pm (Bl Pm _ 1 (...(Bl Pl (¥ n )))) and call it an iterated blow-up. 



A NOTE ON BLOW-UPS OF TORIC SURFACES AND CSC KAHLER METRICS 5 

The combinatorial description of singular points and completness for toric sur- 
faces lead to the following result [7]: 

Proposition 2.2.2. Each smooth compact toric surface is obtained from an iterated 
toric blow-up o/CP 2 or one of the Hirzebruch surfaces F„. 

2.3. The Arezzo and Pacard theorem. In the proof of theorem [U we will build 
a sequence of toric surfaces, each admitting a cscK metric. This sequence is built 
by successive blow-ups. We recall the following theorem of Arezzo and Pacard [T] 
on blow-ups of cscK manifolds: 

Theorem 2.3.1. Let (A, w) be a cscK compact Kahler manifold and let (j>j)j=\..m 
be m distinct points of X . Assume that X admits no holomorphic vector field. 
Consider the blow-up of X at the pj : 

n : Bl (pj) (X) ^ X. 

Then for each cij £ R + * positive weights, there exists Eq > such that for each 
s 6 (0,£o), there is a cscK metric on BL p .\(X) in the Kahler class 

ir*[io] -e 2 J2 aj PD{Ej) 

3 

where PD(Ej) denotes the Poincare dual of the exceptionnal divisor Ej = ir~ 1 (pj). 

In a second paper, Arezzo and Pacard proved a similar result when X admits 
holomorphic vector fields. However in that case the blow-up points need to satisfy 
some stability and genericity conditions [2]. An other way to use their theorem in 
that case is to perform the analysis modulo a finite group of automorphisms that 
preserves no holomorphic vector field: 

Theorem 2.3.2. Let (A, w) be a cscK compact Kahler manifold. Let G C aut(X) 
be a finite group of isometries of uj and G ■ p\ = {pi, ..,p rn } be the orbit of a point 
P\ £ X . Let rj be the order of the stabilizer of pj in G. Assume moreover that no 
holomorphic vector field is G-invariant. Consider the blow-up of X at the pj : 

7T : Bl {p .){X) -► X. 

Then for each a G R + *, there exists Sq > such that for each e £ (0, Eq), there is a 
cscK metric on Bl/ p .\(X) in the Kahler class 

3 

where PD(Ej) denotes the Poincare dual of the exceptionnal divisor Ej — ■k~ 1 {pj). 
3. Proof of the main theorem 

Let A be a compact toric surface. We want to show that a torus equivariant 
blow-up of X admits a cscK metric. We will first build a sequence of toric surfaces 
Xj endowed with cscK metrics and then show that we can reach one of these Xj 
by an iterated blow-up of X. 

3.1. The surfaces Xj. The Xj are built inductively. Let X = CP 1 x CP 1 . Then 
Xj + i is the blow-up of Xj at its 2 J+2 torus fixed points. Using the fan description of 
the toric blow-up process, the fan describing CP 1 x CP 1 , X\ and X^ are represented 
on figure 3, 4 and 5. 
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•-s • > 



Figure 3. CP 1 x 



Figure 4. X 




Figure 5. X 2 



Proposition 3.1.1. Each of the Xj admits a cscK metric. 

Proof. We proceed by induction. First CP 1 x CP 1 admits a cscK product metric. 
Then we apply the Arezzo and Pacard theorem 12.3.21 Consider the group G in 
aut(Xo) generated by the following elements, described in terms of their action in 
homogeneous coordinates: 



([U1,V1},[U2,V 2 }) 
([UI,V 1 ],[U2,V 2 }) 

([ui,V 1 },[u 2 ,v 2 }) ^ 



> ([vi,ui],[u 2 ,v 2 ]), 

> ([U1,V1],[V2,U2]), 

([-ui ) v 1 },[u 2 ,v 2 }) 



and 



([ui,«i], [u 2 ,v 2 ]) i — > ([ui,vi], [-u 2l v 2 ]). 
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Then the G orbit of ([1, 0], [1,0]) consists of four fixed points under the torus action 
induced by the C* action on each CP 1 . No holomorphic vector field of Xq is invariant 
under the G-action thus by theorem 12.3.21 X1 admits a cscK metric. Note that the 
weights of the exceptionnal divisors in X\ are the same. 

By induction, we build from a cscK metric on Xj, j > 1, a cscK metric on 
X/+1- Note that for each j > 1, the Lie algebra of aut(X,-) is the Lie algebra of 
the complex two torus that defines the toric structure. Note also that the group in 
aut(X ) generated by 

([U 1 ,V 1 },[U 2 ,V 2 }) I > ([V 1 ,U 1 },[U 2 ,V 2 }) 

and 

([ui,vi], [u 2 ,v 2 ]) i — > ([v,!,vi], [v 2 ,u 2 ]) 
lifts to a group Gj in aut(X,). The holomorphic vector fields generating the torus 
action are not invariant under the action of Gj . We now iterate Arezzo and Pacard 
theorem, working modulo Gj at each step and blowing-up the orbits of each torus 
fixed points, giving the same weight to each new exceptionnal divisor. Note that 
by construction of the cscK metrics, the group Gj acts by isometries at each step 
and we can iterate the blow-up process. □ 

3.2. From X to Xj. To end the proof of the theorem we will use the two following 
lemmas: 

Lemma 3.2.1. For any sequence of m toric blow-ups of¥ n , Bl/ Pmt .. ;Pl )(F„) ; one 
of the following holds: 

• n — or 

• there is a sequence of m toric blow-ups of F n _i such that Bit p m ,..,p 1 )(¥ v ) = 
Bl( qm ,.., qi ){¥ n -i) or 

• there is a point p m +i G Bl^ Pm _ pi ^{¥ n ) such that there is a sequence ofm+1 
toric blow-ups o/F„_i such that -BZ( Pm+li .. :Pl )(F„) = Bl/ qm+l! „ >qi \(F n _i) 

and 

Lemma 3.2.2. For any iterated toric blow-up of Xq, Y — Bh qm qi \{Xo), there is 
an iterated toric blow-up of Y such that 

for some j . 

The classification of toric surfaces is the key for the proof of the theorem: 

Proof of Theorem^ By proposition ^. 2.21 there exists a sequence of toric blow-ups 
such that X = Bl( Pmt _ tPl ^(¥ n ), 

By iterating lemma |3.2.1[ there are toric blow-ups Bl^ qm ^(X) of X such that 
^'(«m.-,Ji)(^) IS an derated blow-up of F = X . 

Then by lemma 13.2.21 we can blow-up Bl( Qm ^ qi )(X) = Bl( q i y .., q >)(Xo) to reach 
one of the Xj. By proposition 13.1 .11 this blow-up of X has a cscK metric. □ 

We end this section by the proof of the two lemmas: 

Proof of femnta [3.2.11 Suppose n =/= 0. Consider the fan describing F n on figure 6. 
Then a blow-up of F„ is described by adding a ray generated by the sum of two 
adjacent primitive vectors in E^ 1 ) (F n ) to this fan. Each further blow-up is described 
by the same process so we can separate the blow-ups of F„ into two types, those 
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Figure 6. F r 



arising by adding a ray in the cone o\ = K + (0, 1) + R + (— 1, — n), called type one 
blow-ups, and the other. These two types of blow-ups commutes, we can perform 
every blow-up of type 1 before the other blow-ups to obtain Bh pmi pi \(¥ n ). Then 
there are two possibilities. If there is no blow-up of type 1, we blow-up V ai and we 



are in the third case of lemma 13.2.1 1 Indeed, the blow-up of I 
blow-up of F n _i, see figure 7. 



at V ai is a one-point 




Figure 7. Bl p (¥ n ) = BI,(F n _i) 



In the other case, the first blow-up of type one is necessarily at V ai and we are 
in the second case of lemma 13.2.21 □ 

We need to introduce some definitions. We say that an iterated toric blow-up 
Bl(j, m pi \ (X) is a purely iterated blow-up if for each i > 2, pi lies on the exceptional 
divisor 2?j_i coming from the blow-up at p%—\- In that case we call m the length of 
this iterated blow-up. Let X be a toric surface and n be the minimal integer such 
that X is obtained from toric blow-ups of F„. Then we define the integer l(X) to 
be the maximal length of purely iterated blow-ups arising in the description of X 
from F„. 

Proof of lemma 13.2.21 Let E^^y) be the set of rays of the fan of Y, identified 
with primitive generators of these rays. Then the fan description of a toric blow-up 
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implies that there is a sequence of fans 12 j such that Eo = S(Xo), S m = 12(Y) and 
X,- +1 is obtained from S^ by adding a ray generated by v% + Vi+i , with Vi and 
Vi+i two adjacent elements of 12, . Consider the set of all m + 1-tuples (vq, .., v m ) 

of Em such that Vi 6Sj , and for each i > 1, v% = v»_i + u>»_i with w,_i S ^i_i 
adjacent to Vj_i or Wj_i = 0. The case when w ^ correspond to the blow-ups. 
Denote l(vo,..,v m ) the number of distinct elements in (vo,..,v m ) and let lo(Y) be 
the maximum of the l(vo, .., Vd)- Then lo(Y) = l(X) + 1- Then we can blow-up Y 
in order to make its fan symmetrical untill we obtain the fan describing Xny)- It 
is enough to add the rays that are missing so that we can get every m + 1-tuple 
(vo, ••) v m ) with Zo(«o, ••) v m ) = lo(Y) which are coming from the set of rays of -X"/(y)- 
An example is pictured on hgure 8. 

Example 3.2.3. 




Figure 8. Y 

On this example d = 2 because of the sequence {(0, 1), (1, 1), (1, 2)}. We blow-up 
5 times to add symmetries, as represented on figure 9. 




Figure 9. adding symmetries 



And we blow-up again to reach Xi 



□ 



10 



C. TIPLER 



3.3. Bound on the number of blow-ups. We prove the following upper bound 
on the minimal number of blow-ups that are needed to get a cscK metric with our 
method: 

Proposition 3.3.1. Let X be a toric surface. Let n be the minimal integer such 
that X is obtained from toric blow-ups of¥ n . Then there is a sequence of at most 

2"+«W+i_jj( E (D(x)) 

blow-ups of X such that the blown-up surface admits a cscK metric. 

Remark 3.3.2. Note that for X = F" we have l(X) = 1 and 2™+ 2 - 4 is the 
number of blow-ups necessary to go from F„ to X n and in that case this estimate 
is sharp for our method. 

Proof. We need to estimate the number of blow-ups necessary to go from X to the 
nearest Xj. As X is a blow-up of F„ for n minimal, there is a n times blow-ups 
of X such that Bl^ qn ^^ qi )(X) is a blow-up of Xq = ¥q. Then from the proof of 
lemma [5.2.21 we know that there exists an iterated blow-up from Bl 



X 



n+l{X)- 



_i- So we can go from X to X n 



(<?„,. ,«i)P0 to 

+l(x)-i by an iterated blow-up. Then the 



number of blow-ups necessary is bounded by the number of rays in E' 1 ' (X n+ i(x)-i) 
minus the number of rays in S^^X), which gives the result. □ 

This result on the minimal number of points to be blown-up in order to get a 
cscK metric is not sharp. Indeed, from [17], we know that the special blow-up of 
F2 pictured on figure 10 admits a cscK metric. 




Figure 10. A special blow-up of F 2 



Here we do not need to blow-up further in order to reach X^. It suggests the 
following problem: 

Question 3.3.3. What is the minimal number of blow-ups of¥ n necessary to ensure 
the existence of a cscK metric on the blown-up surface? 



A NOTE ON BLOW-UPS OF TORIC SURFACES AND CSC KAHLER METRICS 11 

4. BLOWN-UP SURFACES AND STABILITIES 

In GIT several notions of stability for polarized varieties are studied. It is in 
general a hard problem to check that a polarized variety is stable or not. However, 
the existence of a cscK metric enables to conclude for instability and asymptotic 
Chow stability in some cases. In this section, we deduce from theorem [T] that each 
toric surface can be blown-up to satisfy instability and asymptotic Chow stability 
for some polarization. 

4.1. Xj and K-stability. We refer the reader to [19] for the definition of in- 
stability. We can assume that the cscK metrics ujj built on the Xj lie in rationnal 
classes, so that up to scaling, we can assume that these metrics represent a polar- 
ization Lj of Xj, that is [ujj] = Ci(Lj). By a result of Stoppa [T5], the (Xj,Lj) are 
if-polystable. Together with theorem [T] we have: 

Corollary 4.1.1. Let X be a smooth compact toric surface. Then there is a se- 
quence of toric blow-ups of X: 

^(p m ,..,j>i) — * x 
and a polarization L — > Bl(~ m pi \ such that [Bh Pm pi \,L) is K -polystable. 

4.2. Asymptotic Chow-polystability of the Xj. We refer to [5] for the defi- 
nition of asymptotic Chow-stability By a theorem of Mabuchi [13], if (X,L) is a 
polarized Kahler manifold with cscK metric in the class c\{L) and if Mabuchi's ob- 
struction vanishes, then [X, L) is asymptotically Chow polystable. From the work 
of Ono [H] and Futaki [9 a , Mabuchi's obstruction admits a simple description for 
toric varieties. Assume that (X, L) is a polarized toric manifold of complex dimen- 
sion n, with L a torus equivariant line bundle. Suppose that the lattice N = Z". 
Then this polarization defines a polytope A C R n that encodes the symplectic 
structure of X [14]. Then set for each i 6 {0, .., n} 

saw = J2 a 

aeiAnZ" 

and 

£ A (*) = tt(*Anz"). 

Then 

i ^ Yol{A)s A (i) -iE A (i) / xdv = V f 3 A t 

Ja 

is a polynomial in i with coefficients ?A,i, with dv the euclidian volume of K™. 
Then Futaki has shown that the vanishing of Mabuchi's obstruction is equivalent 
to the vanishing of the 3^,1- 

Lemma 4.2.1. Let Aj be the Delzant polytope associated to the toric polarized 
surface (Xj,Lj). Then ?a,-,i = ?A ,2 = 0. 

Proof. This is a straightforward computation, using the symmetries of Aj with 
respect to the two coordinate axes. Note that 5Fa,i is the Futaki invariant and thus 
necessarily vanishes by the existence of the cscK metric. □ 

From this lemma and Mabuchi's theorem we deduce: 
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Corollary 4.2.2. Let X be a smooth compact toric surface. Then there is a se- 
quence of toric blow-ups of X: 

Bl( Pm ,.., Pl ) — > X 

and a polarization L — > BL Pmt tP1 \ such that (Blr- m pi \,L) is asymptotically 
Chow-poly stable. 
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